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ABBTRACT

Each elament of & ballistic missile's payload--werhead, guidance and
penetration aids--will increase in effectiveness with an increase of weight
allcceated to the e¢lement. For a missile that is to be employed against a
defended "point”™ target, this paper presants a method for astermining the
optimm division of the missile's payload between the threse campeting /for
weight) elements, when their individual weight-effectiveness relatiomnships
sr» knowm. Yor the case of a single missile per target, using a most basic
aplication of the stepwise optimization philosoply of dynsmic prograaing,
the problea i& formulated as a two-stage weight allocation process. The first
stage determines the optimum tradeoff betwoen warhead (lethal redius) and
guidance (CEP); the second stage determines the optimum division betwsen
penetration aids and an optimum mix of warheed and guidance. The sixple
arithmeticsl method that resuits is demonstrated by an example. The sane
optixizatica process is useful for the cases of sequential end simitanecus
multiple missile employment per target. Although this design optimization
problem can be solved, functionally, for the modes of missiie exmploymeut
considered, its applicability to a real ailocation problem is confounded by
t he design, intelligence and employment estimates required in the analysis.
Use of this method could shov, hovever, the influence of the estimate uncer-
tainties on the 0tiMAl payload divisicn and could thereby serve as s useful

point of departure for design cosproaisesn.
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BALLISTIC MISSILE PAYIOAD

¥hen determining the design parameters of an item cf equipment, 1t is
often desirable to employ s quantitative model that describes or predicts
the equipment's cavabllity or effectiveness Iin terms of the relevant parame-
ters. This medel, though sometimes relatively crude, would affoed & means
of determining the optimum, or nearly so, set of design parameters. EPellis-
tic missile payloads are a case in point, vhere one convenient model of
effectiveness 18 the missile's potential capabi.ity to survive enemy defenses
and demage or deatroy vwhat is called, & hardened "point"” target. For this
model of effectiveness, the missile payload design-parameter-optimization
proceess is a simple mmerical nrocedure. It is developed and demonstrated
in this paper.

Bach element of a ballistic missile's payload--guidance, warhesd, and
penetration sids--will incresse in effectiveness with ar increase of weight
allocated to the element. The ability to destroy a "point” target is depen-
dent on the ability of the missile to impact within the lethal radius of the
target. This destruction capsbility, therefore, is dependent upom: (&) the
guidance accuracy, which can be defined as a function of the guidance system
wveight, and (b} the target lethal radius, which for & fixed target hardness
can be defined as a fuaction of the missile wmrheed yield, which in tixm 1s
dependent upon the warhead weight.

The ability tc survive the enemy defenses is depsndent upon: (a) the
offensive tactic employed, (b) the types, charecteristics, and mmxbers of
the penetration aids, (c) the type of defense, its strength, and its ability
to cope with the penetration aids. To determine the probadbility of surviving

enemy defenses as a function of these several varisbles is indeed a difficudt
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task and is presently confounded by meny technical and operational uncertain-
ties. Eowever, persons studying this penetration problem feel that, to a
first-order spproximetion, the ability to survive ICBY defenses can be des-
cribed as & function of the weigit devoted to penetration aids.

ftarting with the weighi-ef’ectiveness relationships for each of the
competing (for weight) elements, il:e problems of determining the optirmm
divisica of paylosd for both single and multiple (eequential and simmltaneous)
rissile exployment per larget will be formilsted and solved using =z most
basic application of the stepwise uptirdzation philosophy of dynsamic progrem-
ming. The simple arithmetical method that results wili then be demonstrated
by an example. Following thet, the uncertainties surrcunding the true
operational context and the difficulties of making precise pre-design per-
foarmance estimates will be considered to indicate more cleerly the limitations

on the utility of the method developed.




S8ISGLE MISS8ILE PER TARGET

PROBLEM FIRMULATIOR

A fixed missile payloed, W, is to be divided among three systems,
guidance, warhoad, and penetratiom aids. The weight aliocated to each syatem

must, for physicsl and operational reasons, sa.isfy same mintmm requirement,

dance v >V
gul ? 8~ &

wvarhead, LA
W vo

penetraticn aids, vp >w

and be 2t levels such that the totel payload is

=y +w +vw
v

The intent of the sllocation is to maximize the missile'a pcotential offensive
effzctiveress, whicn is defined as the probebility that a nissile destyroys a
particular cdefended point ta.rget.* Reglecting relisbility considerstions,

a5 it is assumed that each element will be nade as reliable as possible for

P
a given weight, this messure of effectiveness is given by

PR Py Py

§In general, the effectiveness of esch missile of the type being designed
is to be meximized vith respect to the character:stics of g particular class
of targets.

"Depending on the use mede oSf this design aid, the weight stimate em-
rloyed in the analysis should either be sufficiently gross sc as to allovw
for minor changes in design for reliatility irprovement purposes (preliminary
design of nev systen), or sufficiently precise that no changes in equipment
are likely (merriage of off-the-ghelf items).




whare:

p, P (the missile survives enemy Gefenses).

P *P (the missile falls within the target lethal radius), i.e., the

single-ghot ki1l probability.

These two probabilities are independent, and both are functiops of their
veight allocations; p, is & monotonicelly increasing function of Vo and Py
is & nonlinear function of "'-g and V., The payload Givision problem shall be
formnlated and solved using & two-step dynsxic programing stepwise optimi-
zation techmique that for this probiem is simply e directed searck over com-

dinations of alloeations.

METHOD OF SOLUTIOR

The first stage ir the allocztion process is to evmmine the tradeoff
between guidance accuracy and warhead yield and deterrine the levels of vg
ad v » which, for eack fixed weight assigmment will meximize Py - For a
circular nocwma) irpact distribution and assuming a "cookie-cutter” destructicm

distritutian, o is given by

-(Lr/cER)?

pk=l-2

where
IR i3 the lethal radius of the target hardness-missile yield caedination,
and

CEP is the circular error prooeble of the irpact distxribution.

"me "cookie-cutter” destruction distribution assunmes a dichotamy of
lethality due to blast dsmage from & muclesr weapcn: targets of e given hard-
ness that lie within the lethsl redius of the weapcn are destroyed while
targets outside the *-thal radius {or “cookie'cutter”) are not even dsmaged.
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Por each level of W2 v ’v',l.st
°
r
) L -(1R/cEr)®
(W) = max 1-2
P v 2w
E— 8§
w >
v - W

Hesw +w
g w

Due to the form of the function, the problem of finding that combination

L)

g ? x
maxizum ratio LR/CEP for the given W.

of w_and v, thet maximizes p, (¥) can be seen to be the same as findin the

By letting the functions defining the IR and CEP he IR = h(vv), and

and v

that maximize
g

CEP = g(wg), the problem becomes; f£ind those levels of v

hi vv)

') = gy

g

subject to

v W and

v- v’
o

. *tv =W
v B

Then, Zor the maximm level of #(W),

-[£(¥) mex]
pk('ﬂ) =12

i h("v} ard g(vg) were wvell behaved ard differentiable throughocut their
range, then analytical methods ccuid be employed for this problem. This,
hovever, aeed not be the case, as these dependencies could be dascribed by

sicp functix s, or indeed may be Just several discrete values represeating

several existing designs.




For discrete levels of v and

because ¢ the form of £{W), t
allccation problem can be readily solved mmerically using a simple and fairly
repid search over the renge of cambinations of v, and 'ag poscible for each W.
Foxamlly, this search process is & basic applicatiom of Bellmn's(l) method
of exazining & saries of successive approximaticns in policy space. This
method shail be demcnistrated by an example.

Having obtained pk(é) for several levels of 4, this informaticn can be

utilized to find that level of .".p which will give

iy} = - s -
O D LXCOENCERR)

This secopnd-siege ailocetion problem car be solved by examining the
range of posesible allocations to Vp end an optimal cambination of vg and vv.“
For each level of (¥ - vp), the combinetlcn that ylelds the maximm p. is
Imown fvm the first-stege of ‘ke rroblen 2nd thexefore the comblnstion of
(¥ - '.'p) acd v that ylelds e maximm product, for esch level of W, is the
optimm cambination. The optinization method, which is similar in nature to

that erployed ir the first stage, will also be demconstrated ip the example.

*
A dizcrete spproxdmmtion is eplioyed if the Dunctions are continucus.

e
if more than om= defemnse mode is anticipated, p,‘\w ) could be the
yesult of an sppropriate sub-optimization process.




MULTIPLE MISSILES PER TARGET

SDMULTANEQUS EMPLOYMERT

The preceding analysis wes besed upun the use of a single warhead per
missile and a single missile per target. I mltiple missiles of identical
design, each with a single warhead, are employed sim:ltaneously against a
target, it appears ressonable to exploy &5 an objective function, that is to
be maximized

P =P (at least one of & missiles survives and destroys the target).
Assuming ncn-cocrelated impact errors and non-additive destruction effects,
this can be written as

{n) \n
= - T -
Pn l (‘- PS -k)

vhere,
(n)
Ps(n' a P (survi-;al of eack migs_le when n are simmltanecusly e::ploycd).

(n}pk isg

a mexizmm. The levels of 'g’ L) and v that maxinize ps(n)p} can be oblained

By inspection it can be seen that Pnnllbeamxinmvhenps

2 before, when ps(n) is known.

No resirictions are neceesary on the farm of ps(n) Tor this snalysis, but
if multiple missiles are employed, sim:ltanecusly, they shbould edd mutusl sup-
port to each other in penetrating the enemy defenses. It sppesrs plsusible to
expect that since the effectiveness o penetration aids can be expressed in

" terms of pounds of aids employed for 8 single nissile, the same type of
relationship can be defined for multiple missile soployment. Where the pre-
ceding amalysis implicitly esployed one curve describing D, 88 2 function of

“p’ maltiple warhead employment would lead to a Zanily of curves s:ch as:
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Number of miss:ies
P (Wp) 2 simultoneously
] employed

(hundreds of Ib per missile)

Fig. I — Mulitiple missile survival

For this case, then, depending cn the anticipated employment, several
sets of optimmm allocations could be obtained for eack payload weight. In
axder t» be of use in the design process, an analysis using the method prob-
ably would need to be done when the missile is in the preliminary design
stage. It does not appear likely that the mumber of missiles that will be
exployed against a particular target would be known at thet time. Indeed,
even the mmber of such missiles, to be procured and emplaced probably wouwd
not be known at that time. Moreover, because of failures during launch ar
powered flight, or vecause of enemy action, the mumber of missiles that is
actually employed simlitanecusly mey be different than the mmber plemned.
Therefore, s coupranise based perhaps on some plausible or conservative mm-
bar of missiles per target probably would be necessary.

In camsidering the simultsnecus employment of purely penetratiom-aid
migsiles (no warhezd) and purely warhead missiles (no penetratiocn aids),
the farm of the objective function employed above would need to be modified
to

- (m n) W\a
. Pn 1- (l - ps ? pkl
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vhere,
ps(m,n) s P (muvivel of each varhead-carrying missile when m penetration
aid and n warhead missiles are simulteneously employed).

)
As before, P, Vill be e maiimm when ps(m,n,

Py ie & maximm. Under the
assunptions used the design of the warhesd missile will be optimum et tbe
levels of Ve and v, that maximize Py end this can be cbtained as before. On
the other hand, p s(m’n) , in addition to depending on the levels of m and n,
would be & Tuncticn of the mix betveen penetretion aides and guidance on the
penetration-aid missile. A discussion of the desirability or design of &

penetration-aid missile is beyord the scope of tkis paper.

ERQUERTIAL RMPLOYMERT

Multiplie missiles can alsc be employed in a sequential mammer agsinst a

target, In this case, because of msintenance (a particular missile may be
"down" awalting maintensnce vhen hostilities begin), and the operational and
relishility ccmsiderntions discussed above, it does not appcar plausible to
assign a rigid a priori sequence to a set of missilas that are to be directed
against a particular target. A fixed sequence could dbe difficult to obtain
operationally. Therefare, this analysis will be based upon the assumption
that all missiles of 8 class will have the same design parzmeters rather than
special payloed designs geared to the anticipated sequence of saployment. This
srgument is strengtnened by the considerstion that becauss of the chenging
rattern of targets and of weapon demends, the number of weapons to be pro-
grameed ageinst a iarget is probably also time-veriant. With these comsider-
ations {n mind, then, the analysis will be directed to find an optimm divisicn

ol payload that is independent of sequanice of launch asd of the mmber launched.
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Cangidering the first case where two missiles are employed, and chang-
ing notation slightly, for the first missilie,
P, =P (tirst missile survives the defenses and destroys the target)

vhich is, as before

vhare
ps(l) = P (first misaile survives)
For the second missile, asmming no additive effects of destruction so th.c

lll‘thepkl.reidentical

where, by decagposition
0 (2) . pscz/l)pscl) + 1,‘5(2/1)(:L ) Pe(l))

8

vhere
ps(e/ 1) ® P (missile two survives given that missile one survived)
p‘(2/1) a P (missile two sur.ives given that missile one did not survi -e)

Tharefare,

rp =[5, #5,® +5,2Mia -5 ],

By making the consexrvative assumption that the enemy's missile defemse
*
has no veaknasses, e.g., bas noc rate-of-fire cor stockpile limitations, it

can be stated that
ps‘(2/i) p (V)

*If it is postulated that the enexy's defences would have either rate-
of-fire or steccpile limitations, the sequentinl emplovneat of peastizetion
aid-carrying missiles followsd by warhead-carrying missiies could appear
interwstine. However, the dssirsbility of that tactic and the ddvision of
the penstration-aid missile payloeds are protleme bsyond the scope of this
paper. Under the mode-cf-destruction assumpricns employed the wvarhead
missile's payload would obvicusly be designed for sexdixen Py %8 bafore.
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o (211

s

-2 [pg(e/l) ‘1 - ps(l)]

=P P [p8(2/1> ] p8<1)]

(1 vp 1) (Ps(l))z]

8 8

where it sppears reasomable to assume that

P6(2/1) S Pa(l)’

aad following fram the previcue assuwrptions about the eneiny defenses,
1 b
p (/1) 5, (1)

-

only if the first missile dmmmged the defenses.

let
2/1 (1
AP'OPE(‘/)_I’B\ )30..<.A?8§1
then
» +
P, B Y AR,

Vhare it can be reascued that p p, 18 determined primerily by the enemy.
Far two missilss, exploying the same destruction assumptions as before,
it appeers that a reasorable objective is to maximize
P = P (at least aue missile survives the defenses and dectroys the
target)
=1 (1-R)2- By
wl-{1- Pl}(l -2 - P ap.)

‘ 2 _ 2
2B - RS en Az, - B,

Thiz meens that the over-all probability of miesion succsgs is dependent

om both P, ad AP, . But, | p, is depexsdent orimerily ca the defenses (how
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they are built, operated, etc.), and therefore, the offense ghould probebly
plan on the worst case, vhichia:.‘x’ps = C. This means that the defenses are
totally unaffected by the amployment of the first weapcm.

Bp) oying this conservative operational assumption then, the problem

msthatofcminglevalaofwg, ¥,, and w, $C a5 10 maximize

2
P='2P1-Pl

A8 i8 seen to be the probability that either of two missiles destroy
the tareet, if each miseile is of the same design snd must penetrute the same
defensee. This function increases momotonically with Pl, is a maximm for Pl
2 maximm, and therefore, the single missile per target data and optimization
mathod are applicable to this situation. Although developed for the two-
veapon case, it can be seen by induction that this result is appliceble to
2ll nmabers of sequential missiles as long as the coaservative assumptions

relative to effects on defenses and destruction phemomens remain reasanable.
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HYPOTHETICAL EXAMPIE OF APPLICATION

Assume that for a defended point target of givea hardness, the functions
g(vg), h(vv) and ps(wp) are a8 given in Fig, 2. The first step in the weight

allocation process is to find pk(’v!), for several lcvels of W. This i{s done

in Table 1.
Teble 1 \
DETERMINATION OF MAYDMM p,
Optimum
Sub-allocation .=

(1) | evme | e [P LT

50 ' 0.2 200 300 , 0.043 | 0.97 0.03
€00 0.25 200 Loo 0.063 0.96 0.0%
T8O 0.27 00 500 0.073 0.95 0.05
860 : 0.32 200 &00 0.102 0.93 0.07
500 ! 0.34 g 0 600 0.116 0.92 0.08
1000 ' 0.38 , 300 700 0.145 0.90 0.10
oo | ode | 0 a0 0.176 0.88 0.12
1200 : 0.47 2 200 1000 0.221 0.86 0.1%
1300 , 0.5k 20 1100 0.292 0.82 G.18
1500 | 0.62 00 1200 l 0.385 0.77 0.23
Rxmple:

£{500) is fixed 7y the arbitrary constraints onvganc’-vv

alzpny . D{200) _ 0.43
2(500) ~ 555 = 500




Ko
55
1k

~d
(-]

uo020]10 ybiam 4o uoijouny o so ¥d puo .mJ ‘d3n— 2 'bi4

(Q1 0 spespuny) 1ybrom

) 2\ Ol 8 9
i
o .
Q) 002 = o..;
a1 002 = m
Op
ql 00€ = °m
ORI IS [+ Y Y [ SNSRI D—— S Y N— - PR VSR G

Ro;v?ﬂauu

(™) usyn

(m) %

-

0
O

(°n} *d puo (1w u) ¥7

o'l

O
(fw u)d3D

02




AN

rpy
v
’...!

[0}

(B
N

{600} iz the parimm of the twvo coambinstions

%&%}zo.h . h . 0.48
£{700) 4is the maximm of the three combinations
)0 - 0 5
1.57 175 % .
As can be seen, this process is straightforward and quite rupid.
'Ihevalnecfpk(ﬁ)asaﬁmctionofﬁisnow}ms'm. The second step
usesthis-uinmpkmdthe&ssociatedmixbet‘mvsandvvtoomme
maximm value of P, for each level of W, or a particular value of W. The

procedure for obteining P{W) is shown in Teble 2.

Trble 2

DRTERMIHATION OF MAXDMUM P

@ | % | % [ aw l >
500 . 20 300 0.03 i - i -
600 | 200 %00 0.04 -- ; -
700 200 500 a 0.05 f 0.01 ., 20
800 0 600 0.07 ¢.02 0
900 300 €00 0.08 0.02 300
1000 00 700 0.10 0.03 200"
1100 300 800 0.12 0.0h 300
1200 20 100C G.14 0.0% 500
1300 200 1100 0.18 0.05 300
%00 200 1200 0.23 0.06 300

0

1500 - 0.07

o

¥Repeated fram Table 1.

s snomly is ceused by the Jup of p(¥) fram 0.65
to 0.07, vhich in turn is a result of the mmber of signifi-
cant figures esploysd.
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Exarple:

P{700) is fixed by the arbitrary constraints on v, v and V.
P(700) = {p,(200))(p,(500)) = (0.50)(0.03)

P(800) is the maximm of the two cambinations
(py(200)) (p, (600)) = (0.50)(0.04)
(p,(300)) (p, (500)) = (0.52)(0.03)

P(900) is the maximm of the three cambinations
(p,(200)) (p,(700)) = (0.%0)(0.05)
(pg(300)) (p,(600)} = {0.52)(0.04)
(e, (%00) (3, (500} = {0.60){0.03), axd so farth.

Yor this Iypothetical example, Table 2 shows that for the rangs of pay-
load between 500 and 1500 1b, the value of P veries betwveen C.01 and 0.07,
aod that the optimm v varies fram 200 to 40C 1b. Table 2 aliso shows the
best allocation of weight to guidance ard wvarhemd for esch level of W.

T find each cptimme division consider, for exmmple, that the =iesile
payload is to be 1200 1b. For this case coe would enter the table at
¥ = 1200 1b, and read from the X¥) colum that the maximm P(1200) = 0.0k,
andthisisobwnedusmgwnshm. The remaining 300 1b is tc be divided
m-vandvg. Pntering the iable again with W = 800 1b, the opiimm mdx
ofvvsnﬁvgisreadﬁmmeircolmandis seen to be

v, = 20 1b
vy " 00 1b
T™his infarmetion is presented on Fig. 3 far the entire range of xissile pay-

loeds examinsd,

J Moo I s o mae sy sowart v vy s
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LDLTATIORS OF UTILITY OF METHOD

The method presented was developed to solve a specific set of problems.
It 13 essantislly a simple method and given the data required, will affard
quantitative results for the optimization criteris considered. But, as wvas
seen the axelyris is besed wpon several design and cperaticmal copsiderations;
the very nature of vhich will restrict the utiliiy of the method for aceign
urposes. First, becmuse of design, development, and emplacement time and
co6ts, it appears reascmeble to axpect that all missiles of e class will be
equipped with identical wxrhesds, guidance packages and renetrstion aids. Qo
the other hand, it may be unreescoable to expect that all the targeis for
these =issiles vill have the s&me vulnerability eand defenses. A design that
is optim= for, say, the eployment of a single missile ageinst cme target
combination of bardness an’ defense capabiliity mey not be optimm for tke
employment of, say, tvo or three nissiles sgainst another target ccmbinaticn.
A logical capraxise might be, howvever, to choose the design that is cptimm
for snticipated esployment against the oost important set of targets and vhich
2130 retains a hign capability faor other targeis. The method of this paper
vould be useful in this design ccepronise context.

Secondly, the guldance acouxacy i3, in general, dependent wpom the range
to target, and all targets for & class of miesiles are certainly not at the
ssa® range. BHere again, caprazises vould de cecessary if this nethod is
used.

A more detailed analysis could possinly be epliuyed to take account of
these aany intrsctable des’‘gn and ecplovment copditions. For exargplie, an
analytic mathod probebly covld be developed that would comsider the use of
the proposed missile against = large group of targets of varying wrid,

defense strength, and vulneradil{ty. In the 1ight of the problemas raised
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above and &uring the enalyses, however, it is not cleer that a more detafled
snalysis is wacranted. The (:&igm decisions addressed in this paper woild
need to De made early in the RXD program for a missile, and would therefore
be based cn early equirment (e.g., what will be the schievable CEP for a
given weight and rangs to target) and intelligence (i.g., vhat defenses will
the enemy employ for each target) estimates snd early estimates of anticipated
aployment (e.g., hov many missiles vill be employed egainst each target and
with wbet timing). Bach of these could change substantially before the
missile beoske cperatiomal, and the design thet wes cotim! early in the R:D
progem vould nltimately became aaly 2 capraxise.

Perhaps, then, the greatest worth of a pre-design analysis using this
mthod or any similar method, is that it would focus attention on the infiuence
of ihe several raquired design, eployment and intelllgence estimmtes on the
cptimm payiocad divisian. A quantificeticn of this influence and an amaiyxis
of the sexgpitivity of the design to the rmange of estizate uvocertainty couigd
sexve a5 & useful paint of depariture for design campraaises. Depending an
the degree o estimate uncertaianty, 2 sensitivity analysis could strengthen
the sgperent utiliity of any particular set of design parameters. Fortumately,
the mmber of variables exployed in this analysis §{s sufficiently saall that

ths effects of wncertainty in s particuiar estimate could be clsarly seen.




[

1.

REFERZNCE

Bellman, Richaxd, Dynsmic Programming, Princeton University Press, 1957.

i
i
i



